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Abstract: We discuss the implementation of 
artificial boundary conditions for stationary 
Navier-Stokes flows past bodies in the half-
plane, for a range of low Reynolds numbers. 
When truncating the half-plane to a finite domain 
for numerical purposes, artificial boundaries 
appear. We present an explicit Dirichlet 
condition for the velocity at these boundaries in 
terms of an asymptotic expansion for the 
solution to the problem. We show a substantial 
increase in accuracy of the computed values for 
drag and lift when compared with results for 
traditional boundary conditions. We also analyze 
the qualitative behavior of the solutions in terms 
of the streamlines of the flow. 
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1. Introduction 
 

We numerically solve the Navier-Stokes 
equations for the flow past a body moving at 
constant velocity parallel to the boundary of a 
half-plane. We are particularly interested in the 
computation of the hydrodynamic forces acting 
on the body in the case where the body is small, 
and the flow is laminar. 

Since we truncate the unbounded half-plane 
to finite sub-domains for the numerical 
treatment, the question of boundary conditions at 
the resulting artificial boundaries (a.b.) arises. 
We show that, when compared to traditional 
methods of “velocity-at-infinity” boundary 
conditions (see for example [1]) or “open” 
boundary conditions (see for example [2]), a 
significant gain in accuracy in the computed 
values of drag and lift can be obtained when 
using the asymptotic expansion for the velocity 
field constructed in [3] as Dirichlet boundary 
conditions. 

We concentrate on drag and lift for the 
quantitative comparison of different boundary 
conditions because they are important quantities 
in engineering and theoretical work alike. 

Besides increased accuracy, the qualitative 
behavior of the flow within the computational 
domain is also improved with our boundary 
conditions in the sense that the streamlines are 
not significantly influenced by the artificial 
boundary, contrary to the cases where traditional 
boundary conditions are used. 

Our aim is to describe the implementation of 
our adaptive boundary conditions and highlight 
the fundamental importance of the choice of 
boundary conditions when precision and 
qualitative correctness of the flow patterns are 
desired alongside a decrease in hardware 
requirements (especially in memory due to 
smaller computational domains). 

Similar adaptive boundary conditions have 
been studied for the full plane, see [4] and [5], 
and the full space, see [6]. 

All mentions of COMSOL refer to COMSOL 
multiphysics version 3.5a, using the basic 
steady-state incompressible Navier-Stokes model 
in two dimensions. 
 
1.1 Mathematical Description 
 

We treat the problem as viewed from the 
moving body, of characteristic size 2ݎ and at a 
distance ݀ from the wall, so that we may 
numerically solve the stationary equation system 
࢛  ⋅ ࢛׏ ൅ ݌׏ െ ν∆ܝ ൌ 0	, (1)  
׏  ⋅ ࢛ ൌ 0	, (2)  
where ࢛ is the velocity field, ݌ is the pressure 
and ν is the dynamic viscosity of the fluid. The 
boundary conditions on the wall, located at 
ݕ ൌ 0, are 
௬ୀ଴|࢛  ൌ   , (3)	ஶ࢛
with ࢛ஶ ൌ ሺ1,0ሻ the opposite of the body 
velocity. The boundary conditions on the body 
may be chosen either as “slip” or “no slip”, as 
defined in COMSOL. The conditions at the 
artificial boundaries are the object of the next 
section. For practical reasons, we only use 
domains of the form ܦ ൌ ሼሺݔ, ሻ|െ݈ݕ ൑ ݔ ൑
݈, 0 ൑ ݕ ൑ ݈ሽ, where ݈ ൐ ݀ ൅  See Figure 1 for .ݎ
a representation of the body and the domain. 
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the error function and ݅ the imaginary number. 
All these functions were implemented using 

an interface to Matlab (tested on versions 2009a 
and 2010a). For the imaginary error function, 
erfi, we used a function by Per Sundqvist to be 
found on the Matlab Central website. 

In the case of functions (19) and (20), 
numerical instability was an issue near ݖ ൌ 0, 
which was solved when using the respective 
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See [10] for additional details. 

 
7.2 Algorithm for the determination of the 
special constant in the asymptotic expansion 
 

The constant ܿଵ depends on the solution, see 
[10]. An algorithm to find a good approximation 
is presented here. In essence, it searches for the 
root of the function 
 

݃ሺݔሻ ൌ
1
݊ଵ
න ׏ ⋅ ሺTሺ࢛, ሻࢂሻ݌
஽

ܦ݀ െ  (27) ݔ

with ܦ the fluid domain and 
 T ൌ െ࢛⊗ ൅࢛ ࢛׏ሺߥ ൅ ሺ࢛׏ሻ்ሻ െ ॴ (28)݌
calculated with ࢛ and ݌ computed from the 
numerical solution obtained with the a.b.c. with 
ܿଵ such that ݃ሺܿଵሻ ൌ 0	 and where ⊗ represents 
the dyadic product (i.e., ሺࢇ⊗ ሻ௜௝࢈ ൌ ܽ௜ ௝ܾ) and 
ࢂ  ൌ ሺඥ߯ݕ஽ሺݔ, ,ሻݕ 0ሻ (29)  
with ߯஽ሺݔ, ሻݕ ൌ ߯௫ሺݔሻ ⋅ ߯௬ሺݕሻ any user-defined 
differentiable cut-off function that cuts a channel 
perpendicular to the wall centered on the body 
and two strips, one adjacent to the wall and one 
adjacent to the top artificial. The scalar ݊ଵ in 
(27) is given by 
 ݊ଵሺℓ௩, ݈ሻ

ൌ න ߯௬ሺ݈/ݖሻ ቆℓ௩
ଷ/ଶ ߮ଵሺݖሻ െ ߰ଵሺݖሻ

ݖ

ஶ

ଵ

൅ 2ℓ௩ଶ
߮ଶሺݖሻ

݈ݖ√
ቇ ݖ݀

െ	න ߯௬൫ඥℓ௩݈/ݖ൯ ቆℓ௩ଶ
ሻݖଵሺߟ

ሺℓ௩݈ݖଷሻଵ/ସ

ஶ

ℓೡ/௟

൅ ℓ௩ଷ
ሻݖଶሺߟ െ ሻݖଶሺെߟ

ሺℓ௩ଷ݈ଷݖሻଵ/ସ
ቇ  	ݖ݀

(30)  

and may be calculated ahead of time. 
The first term in (27) is directly programmed 

in COMSOL as a subdomain expression. The 
cutoff expressions are programmed as global 
expressions. We chose 
 

߯௫ሺݔሻ ൌ ߯ ൬െ
ݔ ൅ 1
4

൰ ⋅ ߯ ൬
ݔ െ 1
4

൰ (31)  

 
߯௬ሺݕሻ ൌ ߯ ቀ

ݕ
4
ቁ ⋅ ߯ ൬

݈ െ ݕ
4

൰ (32)  

where 
 

߯ሺݖሻ ൌ න ݄ሺݖᇱሻ݀ݖ′
୫ୟ୶ሺ଴,୫୧୬ሺଵ,௭ሻሻ

଴
 (33)  

 ݄ሺݖሻ ൌ ସሺ1ݖ630 െ ,	ሻସݖ 0 ൑ ݖ ൑ 1 (34)  
Our root-finding algorithm operates from 

Matlab using the output of successive COMSOL 
simulations restarted from the last one (the first 
one uses ܿଵ ൌ 0 and is thus equivalent to a 
simulation with s.b.c.) 

Excerpt from the Proceedings of the 2012 COMSOL Conference in Milan
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